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Abstrat
A detailed analysis of onditions on 2-body interation potential, whih ensure sta-
bility, superstability or strong superstability of statistial systems is given. There has
been given the onnetion between onditions of superstability (strong superstability)
and the problem of minimization of Riesz energy in the bounded volumes.
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1 Introdution
Stability (S) of the interation is a neessary ondition for the orret thermodynami
desription of innite statistial systems. This ondition an be formulated by innite
system of inequalities on the interation energy of an arbitrary nite subsystem, onsisting
of N partiles, whih are situated in the points x1, ..., xN of the spae R
d
.
(S)Stability. There exists B ≥ 0 suh that
U(x1, ..., xN ) ≥ −B N (1.1)
for any N ≥ 2 and {x1, ..., xN}.
In the present paper we onsider an innite system, whih onsists of idential point
partiles interating via 2-body potential
V2(x, y) = Φ(|x− y|), (1.2)
where |x− y| means Eulidean distane between points x, y ∈ Rd. In this ase
U(x1, ..., xN ) =
∑
1≤i<j≤N
Φ(|x− y|). (1.3)
One of the most important onditions is the ondition of integrability at the innity. This
means that for any R > 0 ∫
|x|≥R
Φ(|x|) dx < +∞. (1.4)
The onditions (1.1) and (1.4) are suient for the onstrution of Gibbs measure of an
innite system of partiles in the area of small values of parameters β = 1
kBT
and z, where
T is a temperature of a system and z is a hemial ativity, whih is diretly onneted
with a density of the system of partiles(see for example [25℄, h.4). In order to solve the
problem of onstrution of Gibbs state(Gibbs measure) of an innite system for all positive
values of parameters β and z, it is neessary to impose more restritive onditions on the
interation. Suh a ondition is the ondition of superstability (SS)(see [8℄, [26℄). At rst
we give several neessary denitions.
For eah λ ∈ R+ one an dene the partition ∆λ of the spae Rd into ubes ∆ with a rib
λ and enter in r ∈ Zd:
∆ = ∆λ(r) :=
{
x ∈ Rd | λ (ri − 1/2) ≤ xi < λ (ri + 1/2)} . (1.5)
Let Γ be a phase spae of an innite statistial system of idential point partiles. In
the ase of an equilibrium system Γ oinides with the spae of ongurations (in our
situation oordinates of partiles) γ whih are loally nite subsets of Rd. In other words
Γ :=
{
γ ⊂ Rd | |γ ∩ Λ| <∞, for allΛ ∈ Bc(Rd)
}
, (1.6)
where Bc(Rd) is a set of all bounded Borel subsets of Rd, and |X| is the ardinality of a
set X ⋐ Rd. Let us dene also the subset Γ0 of all nite ongurations:
Γ0 =
∐
n∈N0
Γ(n) , Γ(n) := {γ ∈ Γ | |γ| = n} , N0 = N ∪ {0}. (1.7)
Besides, let
γΛ := γ ∩ Λ, γ ∈ Γ, Λ ∈ Bc(Rd). (1.8)
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(SS) Superstability. There exist A > 0, B ≥ 0 and the partition ∆λ suh that for any
γ = {x1, . . . , xN} ∈ Γ0 the following holds:
U(γ) ≥
∑
∆∈∆λ
[
A|γ∆|2 − B|γ∆|
]
. (1.9)
Remark 1.1. A slightly dierent denition was introdued by Ginibre (see [8℄ ):
An interation is superstable if there exist two real onstants B ≥ 0 and A1 ≥ 0 suh that
for any γ ∈ Γ0 the following is true:
U(γ) ≥ A1 |γ|
2
ξd
− B|γ|, (1.10)
where ξ = max
{x,y}⊂γ
|x − y|. Let us onsider a box Λ with a volume V = vol (Λ) suh that
γ ⊂ Λ. Then the ondition (1.10) an be rewritten in the following form:
U(γ) ≥ AΛ |γ|
2
V
− B|γ|, (1.11)
where the onstant AΛ does not depend on the volume V for the given shape, but it may be
shape dependent. It is easy to notie, that if we onsider the box Λ as a union of the ubes
∆, dened by (1.5) and ontaining at least one point of the onguration γ, then, using
Cauhy-Shwarz inequality, one an write the following inequality:
|γ|2 =

∑
∆∈∆λ
|γ∆|


2
≤
∑
∆∈∆λ∩γ
1 ·
∑
∆∈∆λ
|γ∆|2 = V
λd
∑
∆∈∆λ
|γ∆|2.
So, the ondition (1.11) follows diretly from (1.9) with AΛ = Aλ
d
.
There is a stronger ondition on the interation than (1.9).
(SSS) Strong superstability. There exist A > 0, B ≥ 0, p ≥ 2 and the partition ∆λ0
suh that for any γ = {x1, . . . , xN} ∈ Γ0 the following holds:
U(γ) ≥
∑
∆∈∆λ
[A|γ∆|p − B|γ∆|] . (1.12)
for any λ ≤ λ0
V. M. Park (see [19℄) was the rst, who used the ondition (1.12) with p > 2 for the
proof of bounds on exponentials of loal number operators of quantum systems of inter-
ating Bose gas.
In onnetion with the onditions (1.1), (1.9), (1.12) there is a problem to desribe the
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behavior of interation potentials, whih ensure the stability, superstability or strong su-
perstability of the statistial systems. Putting in (1.1) - (1.3) N = 2, we dedue that the
funtion Φ must be bounded from below:
Φ(|x|) ≥ −2B. (1.13)
In addition to this, R.L.Dobrushin (see [6℄) proposed a neessary ondition of stability
of interation in the form: ∫
Rd
Φ(|x|) dx ≥ 0. (1.14)
Consequently, a positive part of interation must be big enough. As a rule, for neutral
physial systems, the potential with the behavior as on the Figure 1 is onsidered.
Fig. 1
A behavior of the potentials at the innity (|x| → ∞) is determined by the ondition (1.4),
but the behavior near the initial point depends on the hosen model and as we will see
later, it atually denes (S), (SS), (SSS) type of interation. D. Ruelle was the rst, who
introdued the onditions, whih ensure the estimate (1.11) for the systems of partiles,
whih are situated in the ube Λ with a volume V (see [24℄). He proposed the potential
Φ in the following form:
Φ(|x|) = Φ1(|x|) + Φ2(|x|), (1.15)
where Φ1 is Lebesgue measurable funtion with values in the losed interval [0;∞] and
satises the ondition (1.4); Φ2 is a ontinuous funtion of positive type and:
∼
Φ2(0) =
∫
Rd
Φ2(x) dx > 0. (1.16)
The above mentioned onditions and their diret onsequene - the inequality (1.11)were
used in works [24℄ for the proof of existene of a thermodynami limit (Λր Rd) for a free
energy (anonial ensemble) and a pressure (grand anonial ensemble). Later M. Fisher
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notied(see remarks in [24℄) that these results an be proved using less restritive assump-
tions on the potential Φ:
Φ(|x|) ≥ c|x|d+ε for |x| < a1, (1.17)
Φ(|x|) ≥ −w for a1 ≤ |x| ≤ a2, (1.18)
Φ(|x|) ≥ − c
′
|x|d+ε′ for |x| > a2, (1.19)
where a1, a2, c, c
′, w, ε, ε′ are some positive onstants. See also the artile [7℄ for the
systems of partiles with dierent speies and "harged" systems. As the authors pointed
out,the onditions (1.17) - (1.19) ensure (S) stability of a system, in other words the on-
dition (1.1) holds. In fat, these onditions guarantee also superstability of interation.
But at that time suh a notion was not yet introdued.
Independently, and at the same time A.Ya. Povzner(ommuniation at the Mosow State
University seminar on Statistial Mehanis (1963)) found the onditions on the potential,
whih ensure the existene of the estimate (1.1)(and even (1.9)). One an nd his argu-
ments in [28℄ where they have been rened for the analysis of stability of the lassial
statistial systems with highly singular potentials. Later R.L.Dobrushin proposed more
general ondition on the potential Φ, whih in ontrast to (1.17) inluded also integrable
at the origin potentials (see [6℄, formula (1.17)). Having modied Povzner onditions he
proved, that stability and an existene of limit values of thermodynami potentials follow
from these onditions. In order to omplete this short survey we have to mention the
riterion of stability, whih was proposed by Basuev [2℄. Note that it is rather lose to the
Povzner's onditions (see also [20℄).
In terms of usage of the onditions (1.9), (1.11) it is important to obtain the optimal
values of the onstants A, B. In this area we have to mention the artile [17℄ in whih
for ontinuous L1(Rd) potentials of positive type, whih satisfy the ondition (1.16), the
inequality (1.11) was proved with
A =
1
2
(∼
Φ(0)− ε
)
, B =
1
2
Φ(0), and V = V (ε)
for any small ε > 0. The onstants A,B are best possible.
The purpose of the present artile is not only to make an overview of the previous results,
but to obtain some new suient onditions on the 2-body interation potential, whih
make a system stable, superstable or strong superstable. It is important to notie that
the remark about the possible behavior of singular potentials, whih ensures the ondition
(1.12) for p > 2 was rstly proposed by D.Ruelle (see [25℄, h.3, formula(2.28)). It seems
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to be just an intuitive assumption, whih one an guess on the physial level of rigor, if we
aept the following hypothesis: the onguration that minimizes energy of N partiles,
whih are situated in the ube with a volume V is uniformly distributed. It means, that
all partiles are situated in the sites of a lattie on the distanes∼ ( V
N
) 1
d
. Impliitly suh
estimate of the energy was alulated also by Dobrushin (see [5℄ formulas (4.1), (3.2)).
Therefore, the present work an be onsidered as a new proof of Ruelle's onjeture [25℄.
We used rigorous results, that have been obtained during last several years(see [3℄, [9℄, [10℄,
[11℄ ) and some fats of the lassial potential theory (see, for example [13℄). Besides, exat
values of the onstants A and B in the Eqs. (1.9), (1.12) are established.
2 Notations and main results
Following [13℄ let us propose several new notations, some of them will be denoted in a-
ordane with the hapter 1 of the present artile. Let K be a ompat in Rd. For any
onguration γK(|γK | = N) in K we dene the Riesz s-energy:
E(N)s (γK) :=
∑
{x,y}⊂γK
1
|x− y|s , s > 0. (2.1)
In the ase s < d onsider the energy integral
Is(µ;K) :=
1
2
∫ ∫
K×K
1
|x− y|s µ(dx)µ(dy), (2.2)
w. r. t. some probability measure µ, support of whih is K ( µ(K) = 1).
One of the most important problems in modern potential theory is to nd a measureµ∗ that
minimizes the integral (2.2).
There is a fat (see [13℄, h. 2) that if the onguration γminK = {ξ1, . . . , ξN} minimizes
the energy (2.2), then a sequene of measures:
µN(·) := 1
N
N∑
i=1
δξi(·), (2.3)
where δξi is a point Dira measure, onverges in the weak-star topology to the mea-
sureµ∗ (minimizing measure of the integral (2.2)).
A sequene e
(N)
s,K =
E
(N)
s (γ
min
K
)
N2
is monotonially inreasing and:
lim
N→∞
e
(N)
s,K = lim
N→∞
E
(N)
s (γminK )
N2
= Is(µ
∗) <∞. (2.4)
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There are two dierent behaviors of the minimizing ongurations in the limit N →∞:
1)if s ≤ d − 2, then supp µN ⊂ ∂K, supp µ∗ ⊂ ∂K, where ∂K is a border of a ompat
K; 2) for d− 2 < s < d supp µ∗ ⊂ K.
Let K = Bd(0; r) be a d-dimensional ball with a radius r and ∂K = Sd(0; r) be a
surfae of the orresponding sphere. Than for the ase 1) for s ≤ d − 2 minimizing
measure is distributed uniformly on the surfae of the ball Bd(0; r) and:
µ∗(dx;Bd(0; r)) = m(dx)|Sd(0;r)
m(Sd(0; r))
, m(Sd(0; r)) =
2π
d
2
Γ
(
d
2
)rd−1; (2.5)
2) for d− 2 < s < d
µ∗(dx;Bd(0; r) = A(d; s)
(r2 − x2) d−s2
m(dx), A(d; s) =
Γ
(
1 + s
2
)
π
d
2Γ
(
1− d−s
2
) , (2.6)
where m(·) is the Lebesgue measure in Rd. Corresponding values of the energy integral
(2.2) are:
1) for s ≤ d− 2
Is(µ
∗;Bd(0; r)) = 1
rs
2d−s−3 Γ
(
d−s−1
2
)
Γ
(
d
2
)
√
π Γ
(
d− 1− s
2
) , (2.7)
2) if d− 2 < s < d
Is(µ
∗;Bd(0; r)) = 1
rs
Γ
(
1 + s
2
)
Γ
(
d−s
2
)
2 Γ
(
1 + d
2
) . (2.8)
See for details [13℄.
The ases s = d and s > d are essentially dierent from the ase s < d, whih is
onsidered in the lassial potential theory. The onstrution of the minimizing measure
and the estimates for the minimal energy of the onguration if s ≥ d are proposed in [9℄
- [11℄ (see, also, [3℄). Let us formulate the most important points:
1) the energy integral Is(µ) = +∞ for all probability measures on the ompat K ⊂ Rd;
2) for any arbitrary ompat K ⊂ Rd the following is true:
µN(·)→ m(·)|K
m(K)
. (2.9)
or in other words point partiles are asymptotially uniformly distributed;
3) if s = d the following holds:
Cd = lim
N→∞
ENs (γ
min
K )
N2 lnN
=
ϕ0
λs
π
d
2
d · Γ (d
2
) ; (2.10)
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4) if s > d then:
lim
N→∞
ENs (γ
min
K )
N1+
s
d
=
ϕ0
λs
Cs,d
2
. (2.11)
In the ase d = 1 and K = [0, 1] Cs,1 = 2ξ(s), where ξ(s) is a lassial Riemann zeta-
funtion;
5) let K be a d-dimensional ube with a rib λ, then if s > d the following holds:
ENs (γK) ≥
ϕ0
λs
1
22s+1
(
2π
d
2
d · Γ (d
2
)
) s
d
N1+
s
d . (2.12)
(A): Assumption on the interation potential. In this artile we onsider a
general type of potentials Φ, whih are ontinuous on R+ \ {0}, and for whih there exists
λ > 0, R > λ, ϕ0 > 0, ϕ1 > 0, and ǫ > 0 suh that :
1) Φ(|x|) ≡ Φ−(|x|) ≥ − ϕ1|x|d+ǫ for |x| ≥ R, ; (2.13)
2) Φ(|x|) ≡ Φ+(|x|) ≥ ϕ0|x|s , s ≥ 0 for |x| ≤ λ. (2.14)
where
Φ+(|x|) := max{0,Φ(|x|)}, Φ−(|x|) := min{0,Φ(|x|)}. (2.15)
In ontrast to [9℄, [13℄ we onsider also the ase s = 0, whih looks probably trivial from
the point of view of potential theory , but it will take plae also in our desription(see
Remark 2.1 below).
Now we an formulate the following theorems.
Theorem 2.1. Let interation potential satisfy the onditions (A). Then for 0 ≤ s < d
any γ ∈ Γ0 and suiently small ε > 0 there exists onstant B = B(ε) suh that the
following inequality holds :
U(γ) ≥
∑
∆∈∆λ,
|γ∆|≥2
(
Is(µ
∗; ∆)ϕ0 − v0
2
− ε
)
|γ∆|2 − B|γ|, (2.16)
where
v0 = v0(λ) := sup
x∈Rd
∑
∆∈∆λ
sup
y∈∆
∣∣Φ−(|x− y|)∣∣ . (2.17)
Corollary 2.1. In the ase: 0 ≤ s < d the potential Φ yields the ondition (SS)(see (1.9)
if the following holds:
Is(µ
∗; ∆)ϕ0 >
v0
2
. (2.18)
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Remark 2.1. The ondition (2.18) an be rewritten in simpler form if we onsider that
minimal Riesz energy of a onguration with xed number of partiles |γ∆| in the ube
∆ ∈ ∆λ is always bigger than minimal Riesz energy of a onguration with the same
number of partiles in the desribed ball with a radius r =
√
dλ
2
. Consequently, one an
substitute the formulas (2.7), (2.8) with r =
√
dλ
2
for Is(µ
∗; ∆) in the l.h.s of (2.18) (ases:
s ≤ d − 2, d − 2 < s < d respetively). The r.h.s of (2.18) an be hanged by C
λd
, where
a onstant C ≈ ∫
Rd
|Φ−(|x|)| dx for suiently small λ. Then for the given onguration
in the d-dimensional spae and for the potential, whih satises the ondition (2.14) the
system is superstable if there exists suh λ (in other words suh a partition ∆λ of the spae
R
d
), that the ondition (2.18) holds. The set of potentials, whih satisfy the ondition
(SS), is not empty, as one an hoose suiently big ϕ0, in order to make (2.18) true for
any xed λ > 0. For the ase s = 0 I0(µ
∗; ∆) = 1/2.
Theorem 2.2. Let interation potential satisfy onditions (A). Then for s = d, any
γ ∈ Γ0 and suiently small ε > 0 there exists onstant B = B(ε) suh that the following
inequality holds :
U(γ) ≥
∑
∆∈∆λ,
|γ∆|≥2
(
Cd ln |γ∆| − v0
2
− ε ln |γ∆|
)
|γ∆|2 − B|γ|, (2.19)
where (see [9℄)
Cd =
1
λd
π
d
2
dΓ
(
d
2
) ϕ0. (2.20)
Theorem 2.3. Let interation potential satisfy onditions (A). Then for s > d any
γ ∈ Γ0 there exists onstant B = B(ε) suh that the following inequality holds:
U(γ) ≥
∑
∆∈∆λ,
|γ∆|≥2
(
Cs,d |γ∆|1+ sd − v0
2
|γ∆|2
)
− B|γ|, (2.21)
where (see [9℄)
Cs,d =
1
λs
1
22s+1
(
2π
d
2
dΓ
(
d
2
)
) s
d
ϕ0. (2.22)
Remark 2.2. In the ase s = d the system of partiles is superstable (SS) for all partitions
∆λ sine for any ε > 0 and v0 one an nd N0 ≥ 2 and B = B(N0) suh that for N > N0
Cd ln N >
v0
2
. (2.23)
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In the ase s > d system of partiles is strong superstable (SSS), sine one an always
hoose suiently small λ > 0 and some A = A(λ) suh that:
Cs,d|γ∆|1+ sd − v0
2
|γ∆|2 ≥ A|γ∆|1+ sd (2.24)
for |γ∆| ≥ 2.
3 Proof of the results
3.1 Proof of Theorem 2.1
We have for any γ ∈ Γ0 and any partition ∆λ:
U(γ) =
∑
{x,y}⊂ γ
Φ(|x− y|) =
∑
∆∈∆λ:|γ∆|≥2
U(γ∆) +
∑
{∆,∆′}⊂∆λ
∑
x∈γ∆
y∈γ∆′
Φ(|x− y|). (3.1)
Taking into aount the assumptions (A) on the interation potential , denitions (2.1),
(2.17) and the inequality |γ∆| |γ∆′| ≤ 12 (|γ∆|2 + |γ∆′|2) we obtain from (3.1):
U(γ) ≥
∑
∆∈∆λ:|γ∆|≥2
[
E(N∆(γ))s (γ
min
∆ )ϕ0 −
v0
2
|γ∆|2
]
− v0
2
|γ|, N∆(γ) = |γ∆|. (3.2)
For the xed ε > 0 let's dene N0 suh that Is(µ
∗; ∆)− e(N)s,∆ > ε if N < N0
and Is(µ
∗; ∆)− e(N)s,∆ < ε if N ≥ N0 (see (2.4)). Let's also dene a sequene:
BN =


(
e
(N0)
s,∆ − e(N)s,∆
)
·N0, N ≤ N0;
0, N > N0.
(3.3)
For N ≤ N0 : e(N)s,∆ − e(N0)s,∆ ≤ 0 and N2 ≤ N N0. As a result we have:
1) if N ≤ N0: (
e
(N)
s,∆ − e(N0)s,∆
)
N2 ≥
(
e
(N)
s,∆ − e(N0)s,∆
)
N0N = −BN N ;
2) if N > N0:
e
(N)
s,∆ N
2 ≥ e(N0)s,∆ N2.
Then for any N ≥ 2 :
e
(N)
s,∆ ·N2 ≥ e(N0)s,∆ ·N2 − BN ·N, (3.4)
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Beause of B2 > BN for any N ≥ 2we dedue from (3.4) that for all N ≥ 2:
e
(N)
s,∆ N
2 ≥ e(N0)s,∆ N2 − B2N =
=Is(µ
∗,∆)N2 +
(
e
(N0)
s,∆ − Is(µ∗,∆)
)
·N2 −B2N ≥
≥ (Is(µ∗,∆)− ε) ·N2 −B2N. (3.5)
The inequality (3.5) proves the Theorem 2.1 for the partition ∆λ suh that for the given
γ ∈ Γ0 there exists at least one ube with |γ∆| ≥ 2. In this ase:
B = B2(ε) =
(
e
(N0)
s,∆ − e(2)s,∆
)
·N0, N0 = N0(ε). (3.6)
For γ ∈ Γ0 with |γ∆| = 1 or 0 it is lear that B2 = v0/2. So, one an hoose:
B = max
{(
e
(N0)
s,∆ − e(2)s,∆
)
·N0; v0
2
}
. (3.7)
The end of the proof.

3.2 Proof of Theorem 2.2 and Theorem 2.3
In our ase K is a d-dimensional ube ∆ with a rib λ. As in the previous ase we start
from (3.1), (3.2). For the xed ε > 0 let us dene N0 suh that
∣∣∣∣Cd − ENs (γminK )N2 lnN
∣∣∣∣ > ε if
N < N0 and
∣∣∣∣Cd − ENs (γminK )N2 lnN
∣∣∣∣ < ε if N ≥ N0( the onstant Cd is taken from (2.10)). Using
(3.1), (3.2), (2.10) and negleting in (3.1) the part of interation energy
∑
∆∈∆λ,
|γ∆|<N0
U(γ∆) one
an write an estimate for the total energy of the system in the following form:
U(γ) ≥
∑
∆∈∆λ,
|γ∆|≥2
[
Cd ln |γ∆| − v0
2
− ε ln |γ∆|
]
|γ∆|2 −
∑
∆∈∆λ,
|γ∆|=1
v0
2
|γ∆|2−
−
N0−1∑
i=2
∑
∆∈∆λ,
|γ∆|=i
[Cd − ε] |γ∆|2 ln |γ∆|. (3.8)
Number of ubes with |γ∆| = i is not more than |γ|i . That's why:
N0−1∑
i=2
∑
∆∈∆λ,
|γ∆|=i
[Cd − ε] |γ∆|2 ln |γ∆| ≤ |γ|
N0−1∑
i=2
[Cd − ε] i2 ln i
i
. (3.9)
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As a result, we an put:
B =
v0
2
+
N0−1∑
i=2
[Cd − ε] i ln i. (3.10)
The end of the proof.

Remark 3.1. The proof of the Theorem 2.3 is very similar to the previous proof of the
Theorem 2.2. In this ase aording to (2.14) the minimal energy of N∆(γ) partiles whih
are situated in the d-dimensional ube ∆ ∈ ∆λ an be estimated from below by the inequality
(2.12)(see [3℄ and [10℄). Substituting this inequality in (3.2) we obtain Eq.2.21 with B = v0
2
.
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